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A. Introduction
As well-known, the celebrated AdS/CFT correspondence has also been utilized in non-relativistic condensed matter systems [1, 2] (and the references therein). In this regard, the anisotropic scaling symmetry (also called the Lifshitz symmetry)
where z > 1 is called the dynamical exponent, has been successfully imposed on boundary field theories with a corresponding bulk described by the static Lifshitz spacetime metric [3] 
On the gravity side, one either needs (various types of) matter couplings [3] [4] [5] and/or higher curvature models [6, 7] to support the Lifshitz spacetime (1) and/or analytic or numerical Lifshitz black hole and black brane solutions. In this regard, black hole solutions are special since they describe the finite temperature behavior of the dual non-relativistic field theories. However, there
are only a few exact static and, even less number of, stationary Lifshitz black holes known [6, 7] .
This work provides an important addition to this modest list of exact Lifshitz black holes: I present the stationary Lifshitz black hole of three-dimensional New Massive Gravity (NMG) theory, and study its basic geometric and thermodynamical properties.
B. Lifshitz spacetimes and Lifshitz black holes of NMG
The source-free New Massive Gravity action is obtained by adding a specially-chosen quadratic term to the usual cosmological Einstein-Hilbert piece and reads [8] 
Here Λ 0 is the cosmological constant (with dimensions 1/Length 2 ), m is a mass parameter (with dimensions 1/Length), and the Schouten tensor S µν and its trace S are given by
The field equation that follows from the variation of the action (2) is
where
For the special choice
of the parameters, the stationary metric
where x = x(r) satisfies the cubic polynomial
is a solution of the NMG field equations (4) . Here M and ω are real constants such that |ω| < 1, and prime denotes differentiation with respect to the coordinate r. Since the metric (6) and the polynomial (7) are both left invariant under r → −r (and independently under ω → −ω), one can think of the variables (r, θ) as the polar coordinates on the Euclidean plane with the ranges r ≥ 0 and θ ∈ [0, 2π) and assume 0 ≤ ω < 1 without loss of generality. The temporal coordinate t takes any real value t ∈ R. The metric is circularly-symmetric with Killing vectors (∂/∂t) µ and (∂/∂θ) µ .
When one eliminates r 2 using (7) in (6), one arrives at the alternative form
which is useful in identifying the constant ω as a "rotation parameter" since setting ω = 0 and making the coordinate transformation x = ρ 2 takes one to the static Lifshitz black hole [6] of NMG
If one further takes M = 0 in (9), then one is led to the static Lifshitz spacetime (with dynamical
Another way to see ω as a "rotation parameter" is to write (9) using the x-coordinate as
and to note that (8) is obtained by boosting (11) via
static Lifshitz spacetime (10): M = 0 , ω = 0 stationary Lifshitz spacetime
static Lifshitz black hole (9) or (11) Note that even though the static Lifshitz black hole (9) and, of course, the static Lifshitz spacetime (10) enjoy the Lifshitz scaling symmetry (t → λ 3 t, ρ → ρ/λ, θ → λ θ) provided M → M/λ 2 as well [6] , this is no longer so for the stationary metric (8) (with the understanding that x → x/λ 2 ).
As a side remark, one can also keep ω "on", i.e. ω = 0, but switch-off M in (8), that is boost the static Lifshitz spacetime (10) (written in terms of the variable x) by (12) , to arrive at what I will call as stationary Lifshitz spacetime. Going backwards, this results merely in setting M = 0 in (6) and (7), of course.
The stationary metric (6) (or (8)) has a curvature singularity at r = 0 (or x = 0), which can also be seen from the curvature invariants
The cubic polynomial (7) is guaranteed to have at least one real root 1 , so the function x(r) in (6) is indeed well-defined. The rr-component of (6) diverges when x(r) = ℓ 2 M and for M > 0 this leads to the coordinate singularity at 0 < r + ≡ ℓ M/(1 − ω 2 ), describing the event horizon. Thus I call the metric (6) (or equivalently (8)) as the stationary Lifshitz black hole of NMG, even though it is neither left invariant under the 'proper' Lifshitz scaling symmetry as pointed out after (12) nor asymptotically Lifshitz as x (or r) → ∞, since it derives from the static Lifshitz black hole (9) .
For the sake of convenience, I summarize the four metrics described in this section, and the relations between them, in Fig. 1 , and present the stationary Lifshitz black hole explicitly using
1 The properties of the cubic polynomial (7) are studied in detail in appendix A.
the ρ-coordinate as well:
C. Thermodynamics of the stationary Lifshitz black hole I now turn to the question/challenge of examining the thermodynamics of the stationary Lifshitz black hole. For that purpose, it is useful to review the analogous properties of the static Lifshitz black hole first.
It was in [9] that the energy of the static Lifshitz black hole was calculated first. The authors of [9] employed the so-called boundary stress tensor method, but did so with a non-trivial caveat:
The counterterm they obtained was not uniquely determined; one could put, at best, two physical conditions to determine the three free parameters that needed to be fixed. The authors of [9] had to resort to the validity of the first law of thermodynamics, dE = T dS, to get over this ambiguity. In hindsight, it is easy to see that one could in fact do away with the boundary stress tensor method altogether, calculate the temperature T and the entropy S through standard methods (e.g. using the Wald entropy [10] ) and arrive at the energy of the static Lifshitz black hole with relative ease.
As an alternative, the authors of [11] have instead performed a dimensional reduction (by exploiting the circular symmetry of the static Lifshitz black hole (9)) of the NMG theory to arrive at a complicated two-dimensional dilaton gravity, studied the properties of the analogous black hole obtained so in two dimensions, and showed that the thermodynamics of the original black hole in three dimensions could be consistently derived from there. The upshot of both of these calculations is that (in the units that I adopt in this work) the relevant thermodynamic quantities of the static Lifshitz black hole read
where G denotes the three-dimensional Newton's constant, and indeed the first law of thermodynamics dE = T dS holds.
Recognizing the need for a more direct approach for the computation of conserved charges (such as energy and angular momentum) of spacetimes that do not asymptote to spaces of maximal symmetry (such as Minkowski or AdS spaces) but instead to exotic ones such as Lifshitz spaces, it was in [12] that an extension of the conserved Killing charge definition of the ADT procedure [13] was given and developed for quadratic curvature gravity models in generic dimensions. There it was also shown that this extension is background gauge invariant and reduces to the one in [13] when the background is a space of constant curvature. To cut a long story short, application of this hands-on approach to the static Lifshitz black hole [12, 14] led to the energy
which is clearly different than (14) and not in accord with the first law of thermodynamics. This is quite discouraging, to say the least, but as discussed in [14] , may stem from a number of reasons.
Instead of going over that discussion once more, let me point out to the most obvious one here: Any number of hypotheses, especially "the assumption that the deviations vanish sufficiently fast as one asymptotically approaches to the boundary of spacetime described by the background" and/or "the applicability of the Stokes' theorem on the relevant hypersurfaces and/or boundaries", which were crucial in the derivation of the extended definition of conserved charges [12] at the first place, may be violated by exotic spacetimes such as Lifshitz black holes.
Despite the disappointment in the discrepancy between (14) and (15), the extended definition of the Killing charge was quite successful in directly determining the energy of the warped AdS black hole solution of NMG [15] , but unfortunately led to a slightly different expression for the angular momentum (see [14] for details). One of the main motivations of the present work has been to find a new concrete and stationary example where the extended Killing charge definition [12] could be applied to, apart from the warped AdS black hole.
After this informative digression, let me turn back to the problem of studying the thermodynamics of the stationary Lifshitz black hole now. Using the definition for the angular velocity of the horizon Ω H , the surface gravity κ, thus the temperature T , and Wald entropy S [10] , I find the following
for elementary thermodynamical quantities. Here, I have suitably adapted the general discussion given in [14] to the conventions used throughout, i.e. I have set
in [14] . As for the calculation of the energy E and the angular momentum L, I again refer the reader to the detailed discussion given in Section IV of [14] (especially to the parts on the warped AdS black hole solution of NMG). A naive calculation using the static Lifshitz spacetime as background 
static Lifshitz black hole divergent
immediately leads to divergent E and L. However, a close scrutiny makes it apparent that "the fall-off conditions that need to be satisfied by the deviations" (as alluded to earlier) are severely violated in this case. Keeping this observation in mind, it turns out that the most reasonable thing to do is to work with the stationary Lifshitz spacetime as background. Sparing the reader form the gory details of rather long calculations, I have summarized the outcome of the energy and the angular momentum calculations of the stationary Lifshitz black hole with respect to one of three physically sensible background choices in Table I .
Clearly one cannot have the first law of thermodynamics (in the form dE = T dS + Ω H dL) hold even by using the only reasonable pair
here. Instead of giving up, let me do the following: Demand that i) dE = T dS + Ω H dL holds with (16) , and that ii) all respective quantities approach their counterparts for the static Lifshitz black hole when one takes ω → 0. Keeping the general features of both E and L intact, the cheapest way to do so is by tweaking the coefficients in (17), i.e. to take
and later to determine the coefficients (a, b) using the first of law of thermodynamics. Doing so, one finds that there is only a unique nontrivial pair: (a, b) = (6, 8) . For what it is worth, I
thus conjecture that the "correct" energy and the "correct" angular momentum of the stationary Lifshitz black hole is given by
D. Discussion
In this note I have presented the stationary Lifshitz black hole of New Massive Gravity (NMG), and studied its elementary geometric and thermodynamical properties. Even though the charges calculated using the extended conserved Killing charge definition [12] were not in accord with the first law of thermodynamics, assuming the validity of the first law (and of course taking the Wald entropy for granted) I predicted the energy and the angular momentum of the stationary Lifshitz black hole.
The stationary Lifshitz black hole should allow for getting rid of the ambiguity encountered in uniquely determining the three free parameters in the counterterm [9] that emerged when trying to use the boundary stress tensor method. It is also worth trying to generalize the dimensional reduction developed in [11] and to work out the conserved charges of the stationary Lifshitz black hole from that side. One immediate calculation that should be worth the effort is to compute the energy and the angular momentum by using the "quasilocal generalization" [16] of the conserved Killing charges method employed here.
To recapitulate, his work has mainly focused on the presentation of the stationary Lifshitz black hole and understanding the energy and the angular momentum through a rather conventional manner. It must also be worth studying other geometric features as well as physical properties and their consequences in the context of condensed matter physics via the AdS/CFT correspondence.
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Appendix A:
Here I want to examine the cubic polynomial (7) in more detail. In what follows, I will take 0 < ω < 1 and 0 < M to simplify the discussion on the black-hole interpretation of (6) . Let me start by writing (7) in the canonical form x 3 + a 2 x 2 + a 1 x + a 0 = 0 , where I have defined the coefficients
Using these, let me also introduce [17] 
